The temperature dependence of the absorption coefficient of first sound and its velocity in liquid helium II is investigated from a microscopic point of view on the basis of the Hamiltonian described in terms of the cannonical collective variables. Our result for the absorption coefficient is compared with the experimental data which yield a fairly good agreement at low frequency of sound and at low temperature. We also discuss the contribution from thermal raton to the absorption coefficient, and the temperature dependence of sound velocity. § I. Introduction
§ I. Introduction
In a previous paper 1 > (hereafter referred to as I), the temperature dependence of sound velocity and roton minimum has been investigated on the basis of the Hamiltonian (2 ·1) which is completely described in terms of the canonical collective variables, 2 > i.e., the density fluctuation and velocity operators, and which has led us to a good success in the theory 8 > for the three-branch structure of the excitation energy at 0°K in liquid helium II. Consequently we have shown that phonon-roton and roton-roton interactions play very important roles in their temperature dependences, and have obtained a fairly good agreement between the calculated result and the experimental one. 4 >.~> On the other hand, the temperature dependence of the absorption coefficient of :first sound has been investigated experimentally by many authors. 6 ),7) Khalatnikov and Chernikova 8 > have studied it extensively on the basis of the phenomenological kinetic equations for the distribution functions of phonons and rotons which are regarded as classical gases. From a microscopic point of view, Pethick and ter Haar 9 > have developed a theory for the temperature dependence of the absorption coefficient of :first sound by taking into account the effect of the linewidth of thermal phonon on the basis of the Landau 10 > phenomenological Hamiltonian. They, however, considered only a contribution from thermal phonon to its temperature dependence.
In this paper we investigate the temperature dependence of the absorption coefficient and the sound velocity from the standpoint of our Hamiltonian (2 ·1) which is appropriate for taking account of the contribution from thermal roton, to say nothing of the thermal phonon. Section 2 is devoted to calculation of the temperature dependent part of the excitation energy by taking into account the effect of the linewidth of the excitation spectrum. In § 3, the temperature dependence of the absorption coefficient of first sound is investigated on the basis of the formulae derived in § 2, and its result is compared with the experimental result. 6 l In § 4, the temperature dependence of sound velocity is calculated, and 1s compared with the result in previous paper I and the experimental one.'l § 2. Temperature dependence of excitation energy
In this section the formulae, derived in previous paper I, for the temperature dependence of the excitation energy in liquid helium II are improved by taking into account the effect of the linewidth of the excitation spectrum. The Hamiltonian2l·3l for the system of N interacting helium atoms of mass m enclosed in a cubic box of volume !2 is written [i-9a(p,q) respectively. In paper I the excitation energy of liquid helium·-II at finite temperature was calculated by making use of the method of a temperature Green-function, and we have obtained a fairly good agreement between the calculated and experimental results'l· 5 l for the temperature dependence of sound velocity and roton minimum. In I, however, the effect of the linewidth of the excitation spectrum in liquid helium II has not been taken into consideration. In this paper we introduce this effect into the temperature dependence of the excitation energy by attaching the exact one-particle Green-function to the internal lines in Fig.  1 . Now confining ourselves to the contributions from the diagrams (a), (b) and (e) to only the temperature depep.dence of the excitation energy, we obtain*l
and
respectively where rJ is an infinitely small quantity, and n (~) indicates the statistical factor. The function p (p, ~) signifies the spectral function, and the exact
Now we should solve the equations for Re (Sa+ Sb + sc) and Im (Sb + sc) obtained from (2 · 6), (2 · 7) and (2 · 8) in a self-consistent fashion. As was pointed out *> It should be noted here that there are other terms which are contributions from the diagrams (a) and (b) in Fig. 1 to the self-energy at zero temperature, and these terms give divergent results for the excitation energy at o•K. This difficulty, however, may be avoided by a similar method given in I. by Pethick and ter Haar, however, the spectral function cannot be determined only by the interaction given by (2 ·1), and furthermore we have taken the lowest order terms for the vertex parts in the expressions of (2 · 6), (2 · 7) and (2 · 8) . Therefore in place of solving those equations self-consistently, we adopt a plausible Lorentzian form for the spectral function (2·10) where EP is the excitation energy, and h/2T P expresses its lifetime. § 3. Absorption coefficient of first sound
In this section we investigate the temperature dependence of the absorption coefficient of first sound in liquid helium II on the basis of the formulae (2 · 7) and (2 · 8), and of the assumption (2 ·10) for the spectral function.
From ( respectively. Performing the ~1-and ~2-integrations of (3 ·1) and (3 · 2), we find and
where we have used the facts that the wave number k of sound is negligibly small compared with those of thermal phonons and thermal rotons, and that the slowly varying function n (~) may be,replaced by its value at the excitation energy where the spectral function p (p, ~) has a maximum value, and further we have neglected the ~-dependence of the linewidth r p· In the integrand on the right-hand side of (3 · 3), the full linewidth 2T P is so small compared with EP + Ep+k -Ek that we can neglect the contribution (3 · 3) from the diagram (b) to the imaginary part of the self-energy. On the other hand it is possible that the full linewidth 2Tp becomes larger than Ep+k-Ep+Ek in the denominator of the integrand on the right-hand side of (3 · 4). It is thus readily seen that the contribution (3·4) from the diagram (c)' plays an important role for the imaginary part of the self-energy. In order to evaluate the summation concerning p in (3 · 4), we divide its integral region into two parts, i.e., phonon region and roton region. In phonon region the excitation energy EP is expressed as (3·5) and the vertex function gb (p, kl in the lowest power of k and p is approximated by g (p k) 2 : : : : : : -
where t indicates the angle of p relative to k, c is 3A -l from the observed sound velocity, the value of the constant r will be discussed soon later. Substituting 
Performing the angular integration of (3 · 7), and introducing the lifetime of thermal phonon, rp=h/2Tp, we get
where x= (3(cpj2m) and w=Ek/h. The first term on the right-hand side of (3·9) is a similar term which has been derived by Pethick and ter Haar on the basis of the Landau phenomenological Hamiltonian. On the other hand, the second and third terms are new terms which play a more important role in the temperature dependence of absorption coefficient of sound as the lifetime becomes and the function of p except the statistical factor in the integrand of (3 · 4) has been replaced by its value at p0• Introducing the roton lifetime r.=h/2Tp, into (3 ·13), we find the contribution arot(w, T) from roton region to the absorption coefficient of first sound:
Collecting (3 ·10) and (3 ·15), we get the absorption coefficient of first sound
p, wr;p
In the above expression (3 ·16) for the absorption coefficient of first sound, the first term is the contribution from phonon region calculated on the basis of our Hamiltonian (2 ·1), and the second one the contribution from roton region. It should be noted here that the expression (3 ·16) is derived in the case of low . : frequency (f) of first sound. At low temperature below 1 °K, the second term on the right-hand side of (3 ·16) is negligibly small compared with the first term, and hence we may conclude that the temperature dependence of the absorption coefficient of first sound is determined mainly due to the effect of phonon-phonon interaction at low temperature. On the other hand, the dominate contribution to it above 1 °K results from the effect of phonon-roton interaction.
The temperature dependence of the absorption coefficient of first sound has been investigated experimentally by many authors. Jeffers and Whitney 6 > have measured it at low frequency of first sound and at low temperature. We compare our result (3 ·16) for the absorption coefficient with their experimental ones at 1MHz and 2MHz in Figs. 2 and 3 , respectively. Unfortunately, however, the expression (3 ·16) involves an unknown function of temperature 't"jj which sensibly depends on the effect of the scattering of phonon by H.S impurities and the walls of a helium container as discussed by Pethick and ter Haar. Hence we treat the dimensionless quantity (f)'t"p as parameters at the present stage. In the case of a positive value of r, Pethick and ter Haar have discussed that the absorption coefficient of first sound shows an (f)T 4 -dependence under the condition
However, Maris and Massey 13 > have proposed that it is plausible to take a negative value for r by analyzing the experimental data for the absorp- tion coefficient from the standpoint of the calculated result by Pethick and ter Haar. Soon later the experimental support for this proposition has been shown by Philips, Waterfield and Hoffer 14 > in their careful measurement of the specific heat of liquid helium II at low temperature under various pressure. We, therefore, adopt a negative value for the constant r. This leads us to an wT'-dependence for the absorption coefficient of first sound even under the condition wrJ>>3IriP 2 wrJ>~1 which may be plausible at low temperature where the linewidth of thermal phonon is very small. We choose r = -2.2 X 10 37 g-2 em -2 sec 2 of which magnitude is left as it is in I in order to compare the result for the temperature dependence of sound velocity in § 4 with one in I. In Figs. 2 and 3 , the solid lines below 0.8°K are the calculated results under the condition wrJ>>31riP 2 wrJ>~1 (in those calculations wrp>10 4 below 0.7°K and wrp=10 3 at 0.75°K), and the dashed lines above 0.8°K 'are drawn by decreasing the parameter wrp abruptly, for example, wrp=5 at 0.9°K, wrp=0.5 at 1.0°K and wrp=0.2 at 1.1°K. From Fig. 2 it is easily seen that below 0.8°K the calculated results for the absorption coefficient reproduce the experimental one to a large extent. Hence in contrast to the proposition by Jeffers and Whitney, i.e., a(w, T)ocw 8 1 2 T 3 , we may conclude that the wT'-dependence of the absorption coefficient is valid at low temperature and at low frequency of sound. The order of magnitude of the parameter wrp is plausible below 0.8°K from the viewpoint of the experimental result for the lifetime of thermal phonon measured by Whitworth/ 6 > and the adrupt decrease of wrp above 0.8°K is also plausible qualitatively if we note that the lifetime r P should involve the effect of phonon-roton interaction. Abraham et al_7> have measured the temperature dependence of the absorption coefficient at fairly high frequency, and have concluded that the wT'-dependence is also valid at low temperature. However, agreement between our calculated result and their experimental one is not good quantitatively at high frequency of sound. At the present stage we cannot point out this reason clearly, but we should note that our calculation of the temperature dependence of the absorption coefficient is based on the assumption (2 ·10) for the spectral function. Improvement of this point will be achieved in the near future.
Above 2°K it is shown experimentally 7 > that the absorption coefficients at various frequencies of sound increase rapidly. On the other hand, it is easily seen that the second term on the right-hand side of (3 ·16) gives exponential increase of the absorption coefficient as temperature rises. Thus we can see that the rapid increase of the absorption coefficient is due to the effect of phononroton interaction. § 4. The temperature dependence of sound velocity
In previous paper I, we have calculated the temperature dependence of sound velocity on the basis of the method of a temperature Green-function, and have obtained a fairly good agreement between the calculated and experimental results. In this section, we investigate the change of the temperature dependence of sound velocity from that calculated in I due to the effect of the linewidth of the excitation spectrum in liquid helium II.
From (2 · 6), (2 · 7) and (2 · 8) the real parts of the self-energy correction are given by
Ek-~1-~2
(4·2) and respectively and we find
The first term on the right-hand side of ( 4 ·11) is the contribution from phonon region and the second term the contribution from roton region. Now we turn our attention to the evaluation of ( 4 · 6 
where t signifies the angle of p relative to k. In roton region the factor I r PEP I in ( 4 ·12) is (p-Po)/ fJ. from ( 4 ·10), and consequently the contribution from roton region is found to be negligibly small, since the integrand except the statistical factor in ( 4 ·12) can be replaced approximately by its value at p0• By substituting the relations of (3 · 5) and (3 · 6) in ( 4 ·12), and by performing the angular integration, the contribution from phonon region is given by +_!_(2 1-~) ( In the above expression the first and second terms are contributions from phonon and roton regions, respectively. The temperature dependence of sound velocity has been observed by Whitney and Chase at lMHz. We compare our result ( 4 ·16) with their experimental one in Fig. 4 . The points in Fig. 4 are data by Whitney and Chase, and the dashed line represents the result obtained in the case r P = oo in previous paper I. The present results are drawn by two solid lines corresponding to r = -2.2 X 10 37 g-s em-s sees and r= -0.22 X 10 37 g-s em-s sees, respectively, where we have used the same values of the parameter wrp as in § 3. By comparing the dashed line and the solid line of r = -2.2 X 10 37 g-s em-s sees with the experimental data in Fig. 4 , it is easily seen that the introduction of the linewidth of thermal phonon leads us to some improvement of the temperature dependence of sound velocity.
Before closing this section we should note here that still there is a discrepancy of the position between the calculated and experimental results, where the curve of the temperature dependence of sound velocity has a maximum value. As readily seen from Fig. 4 , the value of iJc(T) increases below 0.85°K when the absolute value of r decreases. Therefore we may expect that the discrepancy mentioned above will be remedied if the absolute value of r increases as temperature rises.
